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Impurity states in d-wave superconductors with a competing antiferromagnetic sAFd order are investigated
by solving the Bogoliubov–de Gennes equations. The potential scattering (PS) model with moderate strength
and the Anderson impurity (AI) model with on-site hybridization are employed to describe the weak impurities.
In zero external field, the impurity-induced AF order is rather weak and both models are able to give rise to
impurity resonant states with close energy and similar profile of the local density of states. In the mixed state,
the effect of magnetic-field-induced AF order on the impurity quasiparticle excitation is also examined. We
find that the response of the impurity state to the presence of a local AF order is quite different for the two
impurity models when a superconducting vortex is pinned by the impurity. For the PS model, the impurity
resonance is subtly dependent on the sign and strength of the scattering potential, while for the AI model in the
strong hybridization regime, the low-lying resonance is pinned near the Fermi level within the small gap
opened by the AF order and is insensitive to the strength of the coupling between the impurity spin and the
conduction electron. Based on our numerical results, we think that the two models give rise to different
behaviors of the impurity resonances for both the nickel and zinc impurities in the magnetic field and the
prospective scanning tunneling microscopic observation might give a clue to the dominant mechanism of the
impurity states in the high-Tc cuprates.
DOI: 10.1103/PhysRevB.69.224512 PACS number(s): 74.25.Jb, 72.15.Qm, 73.20.Hb
I. INTRODUCTION
The recent development of atomic-scale scanning tunnel-
ing microscopy (STM) has triggered much interest in the
problem of impurity scattering in high-Tc d-wave cuprates. A
series of beautiful STM experiments have revealed local qua-
siparticle excitations induced by various defects,1 especially
by impurity atoms (e.g., Zn and Ni) directly doped into the
CuO2 planes,2,3 which proved the ability of impurities as a
powerful local probe in studying high-Tc superconductivity
(HTS). However, there are still some controversies about the
mechanism of the impurity resonant state and the modeling
of the impurity interaction in HTS, especially when the im-
purity carries or induces magnetic moments as observed by
the nuclear magnetic resonance4 (NMR) and neutron
scattering5 experiments. The potential scattering (PS)
model6–9 treats the impurity atom as a simple potential scat-
terer and, e.g., the d-function-type impurity interaction is
HI
PS
= sVs + Vmdc0↑
† c0↑ + sVs − Vmdc0↓
† c0↓, s1d
where c0s
† creates an electron of spin s at the site 0 contain-
ing the impurity. Vs sVmd denotes the strength of the scalar
(magnetic) potential. According to the PS model, resonant
states within the energy gap are produced by the scalar po-
tential scatterers in a d-wave superconductor, which has been
identified as one of the signatures of the d-wave pairing sym-
metry. In the PS model, the impurity spin is treated as a
classical magnetic moment. On the other hand, different
from the classical treatment of the impurity spin, several the-
oretical works10–13 attributed the origin of the impurity state
to the quantum spin dynamics of impurity-related magnetic
moments. In other words, the degrees of freedom of impurity
spin should be included and interact with the conduction
electrons. For instance, according to the Anderson impurity
(AI) model,12,13 the internal degrees of freedom of the impu-
rity are described by the Anderson d electrons, and the im-
purity interaction is expressed in real space as
HI
AI
= o
s
edds
†ds + Udd↑
†d↑d↓
†d↓ + tho
s
sc0s
† ds + H.c.d , s2d
where ed is the d-electron energy level and th is the strength
of the hybridization of the moment with the conduction elec-
tron. The on-site hybridization between the d level and the
conduction electron as shown in Eq. (2) was found to be
relevant to the Ni impurity,12 while the Zn impurity may be
described by the four-site hybridization.13 In this paper, we
simply accept the existence of the magnetic moments as an
experimental fact and will not address their microscopic for-
mation.
As will be seen later, both the PS model with a moderate
strength of attractive scalar potential and the AI model with
on-site hybridization are able to lead to the impurity quasi-
particle resonance with quite similar quasiparticle spectra,
consistent with one of the two impurity states14 associated
with each Niatom observed by the STM experiment.3 To
examine the dominant mechanism of the impurity state, in a
previous work13 we studied the variation of the impurity
resonance when a superconducting vortex with a normal me-
tallic core was pinned right on the impurity site. However,
the single LDOS peak associated with the vortex core in a
normal metallic state of pure d-wave superconductors15 has
never been observed experimentally. As studied theoretically
for HTS with strong electron correlation, competing order-
ings such as the antiferromagnetic sAFd (Refs. 16–20) order
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and the staggered flux21,22 order might nucleate around the
vortex core where the superconducting order is suppressed
and thus a subgap opens at the vortex core, as observed by
STM experiments.23 Recent experiments24–26 have indicated
the existence of AF order inside the vortex in various cu-
prates. Here, we will examine the response of the impurity
state to the presence of the static AF order. We find that in
the PS model, the impurity state is produced at the vicinity of
the vortex core state and the resonance energy is sensitively
dependent on the sign and magnitude of the scattering poten-
tial. On the other hand, in the AI model the lowest-lying
impurity resonance is generated with the spin polarization
contrary to that of the vortex center. For both models, the
impurity states lose the particle-hole dualism due to the de-
struction of the superconducting order (by the AF order) in
the vortex core.
The rest of the paper is organized as follows. In Sec. II,
we describe the effective Hubbard model to study the d-wave
superconductivity with a competing AF order. In Secs. III
and IV, the impurity states in both the PS model and the AI
model are studied in zero field and in the mixed state. We
give a brief summary in Sec. V.
II. MODEL AND BASIC EQUATIONS
In this work, we adopt a well-established t-U-V Hubbard
model8 on a two-dimensional (2D) lattice with the on-site
repulsion sUd and the nearest-neighbor (NN) pairing interac-
tion sVd to model the competing AF order and the d-wave
superconducting (DSC) order, respectively. The model
Hamiltonian is expressed as
Hdsc = − o
ki,jls
tijcis
† cjs + o
ki,jls
sDi,jci↑
† cj↓
† + H.c.d
+ o
i,s
sUnis¯ − mdcis
† cis, s3d
where cis
† creates an electron of spin s at the ith site. nis
= kcis
† cisl is the electron density with spin s. In an external
magnetic field, the hopping integral can be written as tij
= t expfifsri ,rjdg with fsri ,rjd=−isp /F0deri
rjAsrd ·dr for the
NN sites ki , jl, Asrd the vector potential, and F0=hc /2e the
superconducting flux quantum. The internal field induced by
supercurrents around the vortex core is neglected since high-
Tc cuprates can be treated as extreme type-II superconduct-
ors. Therefore, Asrd is approximated as s0,Bx ,0d in a Lan-
dau gauge, where B is the uniformly applied external mag-
netic field. m is the chemical potential. Di,j is the bond paring
potential defined as Dij = sV /2dskci↑cj↓l− kci↓cj↑ld.
In the treatment of the AI model at low temperatures, Ud
in Eq. (2) is assumed to be infinite as usual, which forbids
double occupancy of electrons on the d level. Therefore, the
slave-boson mean-field theory27 can be applied as in Refs.
11–13, where the d-electron operator is written as ds
†
= fs†b
with fs the spin-carrying fermion operator and b the holon
operator. Furthermore, the single occupancy constraint
osfs† fs+b†b=1 should be obeyed. At the mean-field level,
the holon operators b and b† are approximated by a c-number
b0 and the constraint is enforced on average by introducing a
Lagrange multiplier l0. Accordingly, the mean-field HI
AI be-
comes HI
AI
=ose˜dfs† fs+ t˜hossc0s† fs+H.c.d+l0sb02−1d with
renormalized parameters e˜d=ed+l0 and t˜h= thb0.
Based on the self-consistent mean-field approximation
and the Bogoliubov transformation, diagonalization of the
Hamiltonian Hdsc+HI can be achieved by solving the follow-
ing Bogoliubov–de Gennes (BdG) equations:
o
j
SHij,s Di,j
Di,j
*
− Hij,s¯
* DSujsnv js¯n D = EnSuis
n
vis¯
n D , s4d
where un ,vn are the Bogoliubov quasiparticle amplitudes
with corresponding eigenvalue En. In the PS model, i , j rep-
resents the index of the 2D lattice site. Hij,s=−dsri+t
−r jdti,j +dsri−r jdfUnis¯ −m+dsri−r0dVsg with t the unit vec-
tors ±eˆx and ±eˆy. nis is subject to the self-consistent condi-
tions
ni↑ = o
n
uui↑
n u2fsEnd , s5d
ni↓ = o
n
uvi↓
n u2f1 − fsEndg , s6d
where fsEd= fexpsE /kBTd+1g−1 represents the Fermi distri-
bution function. In terms of nis, the staggered magnetization
of the AF order parameter is defined by
Ms = s− disni↑ − ni↓d . s7d
Here, the pairing potential Di,j is defined between a pair of
NN sites on the 2D lattice and is calculated self-consistently,
Dsri,rjd ; Di,j =
V
4 on sui↑
n v j↓
n* + uj↑
n vi↓
n*dtanhS En2kBTD , s8d
and the gauge-invariant d-wave order parameter Dd is de-
fined as
Ddsrid =
1
4ot Dsri,ri + tde
ifsri,ri+tde2iustd, s9d
where ustd=0,p /2 ,p ,3p /2 for t= eˆx, eˆy, −eˆx, and −eˆy.
In the AI model, i , j in Eq. (4) should include an extra
index id representing the degree of freedom of the d level in
addition to the 2D lattice. There are hopping matrix elements
between the index of the 2D lattice iL and id, namely
HiLid,s=HidiL,s=dsri−r0dt˜h. And furthermore Hidid,s= e˜d. The
expression of the bosonic number is
b0
2
= 1 − o
n
huuid↑
n u2fsEnd + uvid↓
n u2f1 − fsEndgj . s10d
With the help of the derived equations (4)–(10), we can
perform the self-consistent calculation as follows. For a
given initial distribution of various order parameters, i.e., nis
and Di,j, the BdG equations are numerically diagonalized and
the obtained quasiparticle spectrum is used to calculate the
new order parameters for the next iteration step. The results
are obtained when expected accuracy is achieved with the
relative errors of nis and Di,j between two consecutive itera-
tion steps being ł0.1%. Furthermore, for the AI model, the
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Lagrange multiplier l0 is determined by minimizing the free
energy of the system and b0 is self-consistently calculated
according to Eq. (10). Once the self-consistent quasiparticle
spectrum is obtained, we calculate the LDOS,
rsri,Ed = − o
n
fuui↑
n u2f8sEn − Ed + uvi↓n u2f8sEn + Edg ,
s11d
which is proportional to the differential tunneling conduc-
tance observed in STM experiments.
In the following sections, the energy and length will be
measured in units of the hopping integral t and the lattice
constant a.
III. IMPURITY STATES WITHOUT MAGNETIC FIELD
In this section, we study the impurity states without ap-
plying the magnetic field. To make the exact diagonalization
of the BdG equations feasible and achieve the desired reso-
lution to resolve the impurity resonance in energy, we ad-
dress the system made of a periodic array sMx3Myd of sub-
systems each with the size Nx3Ny in the numerical
calculation. We then define the Bloch states labeled by a
Bloch momentum k= s2pmx /MxNxdeˆx+ s2pmy /MyNydeˆy
with mx,y =0,1 , . . . ,Mx,y −1 and then the Hamiltonian of the
total system is block-diagonalized for each k. Therefore, the
eigenvalue problem of the whole system with size MxNx
3MyNy reduces to diagonalize the subsystem of smaller size
Nx3Ny for each k. For each subsystem, the periodic bound-
ary condition is applied. This method is well established and
has been applied to study the effect of various inhomogene-
ities such as impurities and surfaces in d-wave superconduct-
ors. In our study, the total system consists of 10310 sub-
systems each with the size 32332.
As a model calculation, we choose the pairing interaction
V=1.2 and the on-site repulsion U=2.4 such that the d-wave
superconducting state overwhelms the AF order at the opti-
mal doping x=0.15 (in other words, the average electron
number per site n¯=0.85) in the absence of magnetic field. At
near-zero temperature where our calculations are performed,
the above parameters give rise to Dd.0.09 in zero field and
accordingly we find that Dgap.0.36, with ±Dgap denoting the
energy positions where the coherence peaks of the LDOS
curve are located, as shown in Fig. 1.28 Figures 1(a) and 1(b)
plot the local density of states as a function of energy around
the impurity site in the PS model with a negative (attractive)
scattering potential Vs=−3 and the AI model with ed
=−0.5, th=1.0 (strong hybridization regime), respectively. As
shown in the figure, both models give rise to impurity reso-
nance states with very close energy value v /Dgap=0.3 and
the impurity quasiparticle excitation has both electron and
hole components. The electron part uuisvdu2, which corre-
sponds to an LDOS peak at v in Fig. 1, has the largest
amplitude right on the impurity site and decays rapidly with
the distance from the center. On the other hand, the hole part
uvisvdu2 leading to an LDOS peak at −v has vanishing am-
plitude on the impurity and the NNN site with its largest
value on the NN site of the impurity. The resonance energy
and the spatial distribution of the quasiparticle resonant state
are consistent with the STM experiment3 of Ni-doped
Bi2Sr2CaCu2O8+d. Our numerical results are also consistent
with the non-self-consistent Green’s-function analysis of the
AI model in the continuum model.12 According to our self-
consistent study, in both models the coherence peaks at ±Dgap
are reduced at the vicinity of the impurity site due to the
suppression of the DSC order. On the other hand, the LDOS
at the impurity site is largely altered within the whole energy
range in the PS model, while in the AI model the LDOS is
FIG. 1. The local density of states as a func-
tion of energy at the impurity site s0,0d, NN site
(1,0), and NNN site (1,1) in the PS model with
Vs=−3 (a) and in the AI model with ed=−0.5 and
th=1.0 (b), respectively. The dotted lines repre-
sents the local density of states at (16,16), i.e., on
the boundary of the 32332 subsystem. The ther-
mal broadening temperature is 0.02.
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hardly changed in the energy axis opposite to the resonance
energy v, indicating that the spectra of the AI model agree
with the STM observation better. Similar results can also be
seen from the LDOS of the NN and NNN sites of the impu-
rity in Fig. 1.
IV. IMPURITY STATES IN THE MIXED STATE
In the presence of a strong magnetic field, the supercon-
ductor is in the mixed state. A magnetic unit cell which
accommodates two vortices is selected as the subsystem
with linear dimensions satisfying NxNy =2F0 /B according
to the theory of the magnetic translation group. Similar to
the problem studied in the absence of a magnetic field, we
are able to numerically handle the smaller subsystem for
each of the magnetic Bloch quasimomenta k. Note that in
agreement with the symmetry of the magnetic translation
group, the modified periodic boundary condition29 is applied
and accordingly Ddsrid satisfies the following translation
relation: Ddsri+Rd=Ddsridexpfixsri ,Rdg, where xsri ,Rd
= s2p /F0dAsRd ·ri+4pmn and R=mNxeˆx+nNyeˆy is the mag-
netic translation vector. Here a 10310 array of the magnetic
unit cell is chosen with the size of each unit cell 20340.
Before studying the impurity state in the vortex center, for
comparison we need first to study the electronic structure of
the impurity-free vortex lattice of d-wave superconductors. It
was first shown in Ref. 17 that the LDOS at the vortex core
exhibited a double-peak structure near the Fermi level due to
the local AF order induced near the vortex core where DSC
order was suppressed, and later such an issue was intensively
studied and similar results reproduced by many authors.18,19
Here we adopt a configuration of the AF order in which the
AF order alternates sign from one vortex to its NN vortex
along both the eˆx and eˆy directions as shown in Fig. 2(a),
which plots the pattern of the staggered magnetization of the
local AF order as defined in Eq. (7). This configuration is
different from that in Ref. 17, where the AF order only
changes sign along one of two directions, and that in Refs.
18 and 19, where the AF order has the same periodicity as
the vortex lattice. Although the configuration we take has
slightly higher free energy than that reported in Ref. 19 for
higher magnetic field (i.e., smaller magnetic unit cell), our
configuration ensures that the AF order parameter vanishes
at the border of the vortex unit cell where DSC order recov-
ers and might come closer to the most favorable configura-
tion in low field as in the STM experiments. Despite this, the
impurity state in the vortex center is mainly related to the
localized nature of the AF core and is therefore insensitive to
the detailed configurations of the AF order. Figure 2(b) dis-
plays the LDOS at the vortex core together with that at the
midpoint between two NN vortices in full agreement with
previous works.18,19 It can be seen that the AF order induced
around the vortex core splits the zero bias peak (ZBP) (Ref.
15) of the LDOS predicted for a pure d-wave superconductor
with normal metallic core due to the lifting of the spin de-
generacy by the AF order. The AF order opens a small ef-
fective gap with gap edges denoted as A and B in Fig. 2(b).
The LDOS peaks A and B come from the contributions of
vortex core states with spin-up and spin-down polarization,
respectively. Small peaks outside of the subgap EAB are the
suppressed DSC coherence peaks and peaks corresponding
to the von Hove singularity.
Next we study the impurity state at the vortex core in the
presence of AF order in the PS model. Due to the presence of
impurity scattering, both the staggered magnetization of the
AF order Ms and the electron number ni=ni↑+ni↓ are varied
around the impurity site. In Fig. 3, the variation of Ms and n
is displayed along the (1,0) direction across the vortex core
(impurity site) at (11,11) for a set of values of Vs. According
to Fig. 3, the effect of the potential scattering on Ms extends
a few lattice sites while that on n is quite local. From Fig.
3(a), except for the weak potential Vs=−1, the potential scat-
tering tends to reduce the magnetization right on the impurity
site regardless of the sign of the potential, and more interest-
ingly we observe a net spin Sz=
1
2 by summing the local
moments induced around the impurity. Combining with the
result in the zero-field case as reported recently in Ref. 30,
we find that the magnetic field also plays an important role in
the local moment formation in addition to Vs and U. More-
over, we find from Fig. 3(b) that the sign of the variation of
n due to the potential scattering is always opposite to Vs,
which is consistent with the fact that the negative (positive)
potential attracts (repels) electrons to (from) it. Because of
FIG. 2. (a) The spatial distribution of the staggered magnetiza-
tion Ms in four adjacent vortex unit cells with total size 40340. (b)
The LDOS at the vortex core (solid line) and at the site midway
between two NN vortices (dotted line). The thermal broadening
temperature is 0.02.
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the self-consistent nature of the BdG equation, the impurity-
induced variations of Ms and n (in other words ni↑ and ni↓),
i.e., dMs=MssVsd−Mss0d and dn=nsVsd−ns0d, are reflected
in the mean-field Hamiltonian (3), resulting in the original
pointlike nonmagnetic impurity acting as an extended classi-
cal magnetic scatterer with an effective unscreened magnetic
moment 1 /2 when the potential scattering is large enough
(Vs exceeds a critical value30). Therefore, even though the
scattering potential in the PS model might be pointlike and
scalar itself, its overall effect is extended and magnetic
within the vortex centers with the induced AF order. Accord-
ing to Fig. 3, the impurity-induced variation of Ms and n is
short-ranged within a few lattice sites of the scatterer and the
main contribution comes from the scattering center, so the
total impurity effect can be treated simply as a point mag-
netic potential scattering with V˜ s=Vs+Udn0 /2 and V˜m
=−UdMs0 /2, where dn0 and dMs0 denote the value of dn and
dMs at the impurity site, respectively. From Fig. 3, we have
V˜ s<−98.8,−2.0,−0.76,0.52,2.2,98.8 and V˜m<−0.4 (ex-
cept for V˜m<0.0 for Vs=−1) for Vs=−100,−3,−1,1 ,3 ,100
and U=2.4. The magnitude of V˜ s is less than that of Vs since
the sign of dn is always opposite to Vs. And for the param-
eters we studied, V˜m is negligibly weak compared to the
relatively large scattering potential uVsu*3 while important
for weak Vs at the vicinity of 1.
The resulting LDOS at the impurity site in the PS model
is shown in Fig. 4 with various strengths of the scattering
potential. Inspection of the impurity-induced states shows
that they have close relevancy with the AF vortex core states
[peaks A and B in Fig. 2(b)]. Here we pay attention to the
low-lying impurity states within the subgap EAB.31 From the
figure, we find that in each case the appearance of the impu-
rity state and the suppression of the vortex core states happen
together at the impurity site. For the negative potential, there
is an impurity resonance peak at the left side of the vortex
state peak A. The low-lying LDOS peak within the subgap
EAB is located at the right side of peak A for Vs=−3 and at
the left side of peak B for Vs=−1. For the larger positive
FIG. 3. The magnetization Ms (a) and electron number n (b) as
a function of lattice site in the (1,0) direction across the vortex core.
FIG. 4. The LDOS at the impurity site (solid line) in the PS model with Vs=−3 (a), Vs=−1 (b), Vs=3 (c), and Vs=1 (d). The LDOS at
the vortex core without impurity (dotted line) is displayed for direct comparison.
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potential Vs=3, the LDOS in the full energy range displayed
in Fig. 4(c) is reduced and we find no impurity state lying
within EAB except one at the right side of peak B. For
Vs=1, there is a high peak in the vicinity of the Fermi level.
As shown in Fig. 4, the scattering potential with the larger
magnitude decreases the spectral weight on the impurity site
more than that with the smaller one because a large potential
tends to exclude the quasiparticle from the scatterer, and in
the large limit (unitary) the LDOS right on the impurity site
approaches zero. Indeed, we find that for uVsu@ t, the BdG
equations have a simple eigenstate lying far beyond the en-
ergy band: the eigenenergy E<Vs together with the approxi-
mate eigenfunctions ui=di,0 and vi=0, which indicates that at
the impurity site all the spectral weight belonging to the
low-energy states will transfer to this high-energy state and
thus gives rise to the vanishing of the LDOS of the impurity
site within the energy band. Furthermore, unitary impurities
(in our study Vs= ±100) give rise to impurity resonances
infinitely close to the subgap edges, i.e., peaks A and B,
without any evidence of the near-zero resonant peaks both on
the impurity site and around it.
In the AI model, we find that the variation of the magne-
tization and the electron number around the impurity site is
rather small without giving significant modification of the
impurity Hamiltonian. For the same parameters as in Fig.
1(b) we find that the net magnetic moment generated around
the impurity is rather small with Sz=0.06, indicating that the
impurity spin is strongly screened by the surrounding quasi-
particles. For comparison to the PS model, Fig. 5 shows the
results of LDOS at the vortex core for the AI model. For the
parameters in the strong hybridization regime, a low-energy
impurity quasiparticle excitation state is readily obtained and
pinned slightly above the Fermi level with v /Dgap=0.1 in
addition to another impurity resonance with a slightly higher
energy at the left side of peak A. Moreover, comparing with
the impurity resonance for the AI model without magnetic
field [Fig. 1(b)], we find that (i) the LDOS peak correspond-
ing to the impurity state is even strengthened because the
impurity resonance is located at the middle of EAB where the
residual density of states is low and therefore the intrinsic
width of the impurity resonance is narrow; (ii) the impurity
state is simply electronlike and has no hole counterpart due
to the destruction of the DSC order at the vortex core; (iii)
the spatial pattern of the electron part of the quasiparticle
excitation is the same as that of the impurity resonance with
zero field, as shown in the inset of Fig. 5.
To get a better understanding of the results shown in Figs.
4 and 5, we also perform a t-matrix analysis6,32 of the above-
mentioned results for both models. At the vortex core, the
DSC order parameter is so suppressed that the anomalous
Green’s functions are vanishingly small and for the pointlike
scatterers we need only to know the impurity-free normal
Green’s functions of spin up and down, which are con-
structed from En, un↑, and vn↓ obtained by solving the BdG
equations (4),
G↑↑s0,0,Ed = o
n
uun↑s0,0du2
E − En + iG
, s12d
G↓↓s0,0,Ed = o
n
uvn↓s0,0du2
E + En + iG
, s13d
where G is the broadening parameter with small and positive
value. Figure 6 plots the real part of G↑↑ and G↓↓ as a func-
tion of E, where we find steep jumps at E /Dgap=−0.4 in (a)
and 0.4 in (b), corresponding to the A and B peaks in Fig.
2(b). In Fig. 6(a), the energy positions of the marks A and A8
are slightly different because a small but finite broadening
parameter G=0.02 is selected in calculating the Green’s
functions technically. Theoretically for infinitesimal G, EA
=EA8; Re G↑↑s0,0 ,Ed should diverge as the energy ap-
proaches EA from both sides and the curve connecting A and
A8 will vanish. For Fig. 6(b), we have the same conclusion.
According to the t-matrix theory, the existence of impu-
rity resonances in PS models is determined by
sV˜ s + V˜md−1 = Re G↑↑s0,0,v↑d s14d
or
sV˜ s − V˜md−1 = Re G↓↓s0,0,v↓d , s15d
where v↑ sv↓d corresponds to the resonance energy of the
impurity state with the spin-up (-down) polarization. There-
fore, at energy points where the horizontal lines cross with
the line of the real part of the Green’s functions as shown in
the figure, one finds resonance peaks consistent with the self-
consistent results in Fig. 4. For example, for Vs=−1, the
corresponding horizontal line sV˜ s+V˜md−1 intersects with the
curve of Re G↑↑ at E,EA and thus we get an impurity reso-
nant peak at the left side of peak A; similarly an LDOS peak
appears rather close to peak B because the horizontal line
sV˜ s−V˜md−1 intersects with Re G↓↓ at the energy E&EB.
Moreover, the lines of sV˜ s+V˜md−1<sV˜ s−V˜md−1<0 corre-
sponding to the unitary impurity do not cut the curves of the
FIG. 5. Same as Fig. 4 except that an Anderson impurity is
located at the vortex core. The inset plots the spatial dependence of
rsr ,vd at the lowest-lying resonance energy v /Dgap=0.1 in one
vortex unit cell.
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Green’s functions in the subgap region, so there is no low-
energy impurity resonance.
On the other hand, for the AI model, after we integrate out
the impurity degree of freedom, the conduction electron at
the impurity site will feel an energy-dependent pointlike
scattering potential with Veff
−1sEd= sE− e˜ddst˜hd−2, where e˜d
<0.5 and t˜h<0.82 derived from calculation of the minimum
of the free energy. Then in the AI model, the equations de-
termining the impurity resonant energies will be
Veff
−1sv↑d = ReG↑↑s0,0,v↑d s16d
or
Veff
−1sv↓d = Re G↓↓s0,0,v↓d . s17d
Veff
−1sEd is plotted as the dotted line in Fig. 6. Because Veff
−1sEd
crosses Re G↑↑ at the energy point which is very close to that
of the PS model with Vs=−1, the LDOS peak at the left side
of peak A in Fig. 5 is similar to that in Fig. 4(b). And the fact
that it intersects with Re G↓↓ in the subgap EAB gives rises to
the low-lying impurity resonance as shown in Fig. 5.
From Fig. 6, we find that both the PS model and the AI
model are able to produce the low-lying impurity resonance
for certain parameters. However, to achieve a clear-cut im-
purity state which separates with the vortex core states ap-
parently, the resonance energy should lie within a region
smaller than the subgap EAB. We find that the impurity states
in the PS model have shown a behavior which is sensitively
dependent on the scattering potential. Nevertheless, for the
AI model as long as the strength of hybridization between
the d electron and conduction electrons is strong enough, th
*1, there is always an impurity resonance pinned near the
Fermi level according to our numerical calculations. More-
over, the lowest-lying impurity state (nearest to the Fermi
level) of the AI model and negative PS model has opposite
spin polarization to the magnetization of the vortex core,
while that of the positive PS model has the same polarization
as the magnetization of the core.
Specifically, for the Niimpurity our numerical calculation
indicates that in the PS model sVs=−3d the impurity state in
the vortex core has a resonance energy quite close to that of
the vortex state EA, while in the AI model sth=1d the impu-
rity resonance energy is close to zero, resulting in an LDOS
peak much sharper than that of the PS model. Future STM
observation of the Niimpurity in the magnetic field will shed
light on the dominant mechanism of the impurity resonant
state in the HTS.
V. SUMMARY AND DISCUSSION
In this work, we have compared the potential scattering
model with the Anderson model by examining the quasipar-
ticle excitation around the Ni impurity doped in d-wave su-
perconductors. At zero field, both the PS model and the AI
model can produce the impurity resonant state with the reso-
nant energy and spatial pattern qualitatively consistent with
one of the two differential conductance peaks within the su-
perconducting gap observed around the Ni atom doped in
HTS by the STM experiment. After applying an external
magnetic field larger than the lower critical field, the impu-
rity states generated by both models are quite different from
those in zero field. In the AI model, the impurity state is
pinned within the subgap opened by the static AF order at
the vortex core with extreme particle-hole asymmetry. Fur-
thermore, the impurity state has a spin polarization contrary
to that of the AF order of the vortex core, while in the PS
model, both the resonant energy and the spin polarization of
the lowest-lying resonant state are rather sensitive to the sign
and strength of the scattering potential. We propose high-
resolution spin-polarized STM experiments to probe not only
the spin structure of the vortex core but also the existence
and polarization of possible low-lying impurity quasiparticle
FIG. 6. Real parts of the G↑↑ (a) and G↓↓ (b) at the vortex core as a function of energy are shown by the solid lines. Dashed lines from
bottom to top correspond to sV˜ s+V˜md−1=−1.32,−0.42,0.56,1.92 in (a) and sV˜ s−V˜md−1=−1.32,−0.63,0.38,1.09 in (b) with Vs=−1,
−3,3 ,1. Displayed in the dotted slope line is the Veff
−1sEd= sE− e˜ddst˜hd−2. The broadening parameter G=0.02.
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excitations when vortices are pinned by the doped impurity
atom such as Ni in the CuO2 planes of HTS.
From the impurity Hamiltonian, the remarkable difference
between the PS and AI models is that the AI model intro-
duces an additional degree of freedom to describe the mag-
netic momenta carried/induced by the impurity site. In the
framework of the Green’s function theory, this extra degree
of freedom can be integrated out, which results in the AI
impurity acting like a scalar potential scatterer. However, the
effective potential corresponding to the AI impurity is
energy-dependent, which makes the PS model and AI model
essentially different because in the PS model the scattering
potential is energy-independent. In this paper, by depositing
the impurity in the insulating vortex core with a small gap
opened by the staggered magnetization, which plays a key
role in the suppression of the superconducting order in the
vortex core for both cases and is consistent with the STM
observation,23 we have displayed such differences between
the PS and AI models. Note that, even if the static AF order
vanishes and the vortex core becomes metallic, the impurity
states of the PS and AI models are still different, which
agrees with what we found in an earlier work.13
Finally, we wish to discuss also the impurity state of Zn
briefly, when a vortex line is pinned on it with the induced
static AF order. Similar to the case of Ni studied above, in
zero field both the PS model in the unitary limit6,8 and the AI
model12,13 [or alternative models taking into account the ef-
fect of the magnetic moment induced around Zn (Ref. 10)]
can give rise to the impurity resonance, explaining qualita-
tively the experiment data.2 However, in the presence of the
flux line on the impurity site, we obtain no low-lying impu-
rity state within the small subgap opened by the static AF
order for the large (negative and positive) scattering poten-
tial, while for the AI model for Zn with the four-site hybrid-
ization proposed in Refs. 12 and 13, the impurity resonant
state with near zero energy is seen.33 Therefore, to examine
whether or not the low-lying impurity excitation exists when
the magnetic field is applied in the Zn-doped superconduct-
ing material may help us to elucidate the dominant mecha-
nism of the impurity resonance.
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